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Fig. 1 Axial velocity profiles.

velocities are 36%4 below the vortical predictions. Therefore,
the vortical flow model is a superior flow model in both the
laminar and turbulent regimes.

CulickV paper gives both the rotational and irrotational
solutions for the flow inside a cylindrical port motor with a
constant-radius grain. Solid rocket motors that fly in the at-
mosphere have large length-to-diameter ratios (10-30 are typ-
ical values), and for purposes of illustration, the vortical and
potential axial velocities are compared, herein, for a 10-to-l
geometry. As will be obvious, differences between the two
solutions increase as the length-to-diameter ratio increases.

The dimensionless axial velocity profiles may be obtained
easily4 as

u/(VhX) = 2

for the potential flow, and

U/(VhX) = 77 COS(7T/?2/2)

(1)

(2)

for the rotational flow. Where Vh is the flow velocity at the
propellant burn surface, r() is the radius of the burn surface,
and X and R are the dimensionless axial and radial coordinates
normalized with r(}. The quantity X is measured from the
motor head end. These velocity profiles are plotted in Fig. 1
and show significant differences both near the wall and on
the axis. The largest discrepancy in the flow velocity occurs
at X = 20, R = 1. At this point, the vortical solution gives
a radial velocity of Vh and an axial velocity of 0; the corre-
sponding values for the potential solution are Vh and 4QVh.
Thus, the potential flow has a velocity magnitude error of
about 40 and a flow angle error of about 90 deg. Since the
drag of large droplets varies as the velocity squared, the slag
particle drag at that point is in error by a factor of about 1600
in magnitude and 90 deg in direction.

Various investigators1"3-10 are using potential flow models
to compute the gas flow in a two-step slag model. An addi-
tional problem with the potential flow approach is that users
of these models usually assume some arbitrary vortex shape
in the re-entrant region. It has been reported by Smith-Kent
and Perkins10 that this assumed shape has a large effect on
the predicted slag accumulation. There is also evidence that,
at least in some motors, this separation region is not nearly
as large as is frequently assumed. Misterek et al.11 computed
the viscous and inviscid flow for the PAM motor and found
the separated flow region to be so small that the viscous
solution differed insignificantly from the inviscid solution. It
is believed that this occurred in the motor considered in Ref.
11 because the flow in the re-entrant region is radially inward
and therefore always experiences a favorable pressure gra-
dient.

This Comment has shown that there is no theoretical basis
for the potential flow approach. Comparisons with experi-

mental data have shown good agreement with the analytical,
vortical solution published by Culick.4 Finally, some simple
graphical and numerical comparisons of Culick's analytical,
vortical, and potential solutions demonstrate that use of the
latter can be expected to produce large errors in the slag
particle trajectories and, hence, the predicted slag capture.
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Reply by the Authors to
J. W. Murdock
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O UR objective in Refs. 1-3 is to estimate the slag ac-
cumulation (in the combustion chamber of a solid rocket

motor with a metallized composite grain) during the burn,
and especially to estimate the total slag accumulation at the
end of the burn. The practical motivation is to suggest altered
grain composition and/or initial grain configuration, to reduce
the performance-degrading accumulation. We seek to repli-
cate the flowfield in the motor during the burn only to the
accuracy necessary for a practically useful estimation of the
slag retention. Because we seek to avoid any nonessential
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calculation, not an excuse to pursue computational fluid dy-
namics, we adopt what we believe to be the simplest reason-
able flowfield model, consistent with estimating the trajec-
tories of alumina particles of a wide range of sizes, virtually
throughout the combustion chamber throughout the burn.
Whether our potential-flow model is adequate for our objec-
tives is decided only by comparing results of our analysis with
observations. We offer evidence below that our analysis is
fully adequate for our purposes.

As Murdock notes, we are aware of Culick's alternative
flowfield representation,4 which enforces a no-slip boundary
condition at the burning grain for an inviscid fluid; we con-
tinue to regard this upgrade of the model as of low priority,
relative to other, still-unexecuted upgrades that we discussed.
Murdock cites a specific (exceptional) situation in which a
locally large error might be incurred (more generally, the
linear Stokes drag law adequately describes the interphase
drag); however, he offers no evidence that adopting the al-
ternative flowfield representation improves slag-retention es-
timates.

We digress to address several statements by Murdock, be-
fore concluding with a comparison of our model with data.

First, contrary to Murdock's characterization, we modeled
the velocity field as a simple counterflow only near the head
end of the motor, where such a model is suitable because the
bore is locally a simple cylinder. However, every first- or
second-stage solid rocket motor known to us has very signif-
icant slots cut into the aft end of the grain, to uniformize the
efflux during the burn; much of the aft end may be grain-free
during most of the burn.5 Furthermore, we need to take ac-
count of the deeply submerged (i.e., deeply recessed) noz-
zle,2-3 Thus, the cylindrical-bore-flowfield models adopted by
Culick suffice uniformly only for very academic grain geom-
etries, free of slots and a nozzle. While Culick's models may
suffice for his objectives (estimating the damping of pressure
oscillations), for our slag-retention-estimation objectives, we
necessarily generalized, and chose to proceed as follows. We
applied the continuity equation "in the large" (i.e., in integral
form) in order to obtain the local axial velocity, then "in the
small" (i.e., in differential form), in order to obtain the local
radial velocity. This approach necessitated adoption of a ra-
dial profile for the axial velocity; we took the profile to be
transversely uniform; the radial velocity then varies linearly
with the radius. These approximate results were in excellent
agreement with more meticulous, computational results ob-
tained, relatively laboriously, by finite element solution (see
below) of the same potential-flow formulation with the same
Neumann-type boundary condition (i.e., with the velocity
component perpendicular to the bounding solid surface as-
signed).

The outcome is that Culick's closed-form solutions, with or
without tangential-velocity slip at the grain/gas interface, hold
in practice only for the forward-end cylindrical bore (a region
of limited concern, since, whether the flow has slip or not,
forward-end-generated particles are not retained in the cav-
ity'-3-6-7). Accordingly, Culick's solutions are inadequate for
our purposes, except for our one preliminary, exploratory
study,1 which is dedicated entirely to the forward end. Par-
enthetically, we note that experimental studies8-9 [if nitrogen,
diffused through a porous matrix at roughly room conditions,
simulates both the "injection" of fluid from a burning grain
and also the equation of state (and hence the ratio of heat
capacities) of that fluid in the combustion chamber] suggest
that enforcing no slip at the boundary for an inviscid fluid
yields a representation of the cylindrical-bore flow generally
more accurate than the representation derived for potential
flow. The distribution of vorticity across streamlines in an
inviscid incompressible steady flow, whether two-dimensional
or axisymmetric, can be assigned arbitrarily.10"12 Since as-
signing the distributed vorticity to enforce the no-slip bound-
ary condition for an inviscid fluid for a practically interesting
chamber geometry is a nontrivial, unexecuted task, we cannot

compare slag-accumulation results for slip and no-slip treat-
ments.

Incidentally, the mass flux across any surface fixed in the
coordinate system is necessarily continuous, whether or not
a vortex sheet is coincident with that surface.11 12

We now turn to a comparison of results of our modeling
with data from two very different solid-rocket motors, tested
under very different conditions. The same quasisteady poten-
tial-flow formulation with Neumann-type boundary condi-
tions yields the velocity field, for each of many times during
the burn, and at each time the trajectories of spherical alumina
particles, formed just off the grain boundary and transported
by the irrotational flow, are computed with interphase drag,
gravity, and flight acceleration (if appropriate). We determine
the evolution of a locus that we call the "separatrix"2-3 as
follows. At each time, particles leaving the grain boundary
downwind of the separatrix accumulate in the aft end of the
combustion chamber as slag (these molten particles impact
the motor case or backside of the deeply recessed nozzle, or
become trapped in a recirculatory flow); particles leaving the
grain boundary upwind of the separatrix enter the nozzle and
exit the chamber.2 From knowledge of the separatrix position
in time, the slag accumulation in time follows straightfor-
wardly. Standard assignments for the (pressure-dependent,
log-normal, bimodal) particle-size distribution, the slag and
gas densities, the gas viscosity, the chamber pressure, etc.,
are adopted, with the mass-mean-particle-size assignment to
be discussed below. Meticulous solution for the potential flow
is obtained by a finite element calculation, with irregularly
shaped quadrilateral cells, and with a first-order Galerkin
approximation, which is equivalent in accuracy to a second-
order-central-difference scheme on a rectangular mesh. The
finite element model has second-order accuracy on the inte-
rior physical space and on the boundaries. A set of piecewise
interpolation functions spans a large network (1000-20,000)
of four-cornered cells (side lengths and corner angles are free
to be assigned), in the physical (and solution) space. A piece-
wise continuous isoparametric bilinear function is used to ap-
proximate the stream function throughout the solution space.
The Galerkin-approximation-based integral equation is treated
conveniently in a natural-coordinate space. A four-point Gauss-
Legendre scheme is used to integrate the Galerkin integrals,
and the resulting set of linearized equations is solved by locally
accelerated successive over-relaxation.

Real-time radiometric video-movies of a 140-s-long static
firing of the large-length-to-diameter Titan IV solid-rocket-
motor unit were interpreted (by the Lawrence Livermore Na-
tional Laboratory, issued May 3, 1993) to give the aft-end-
slag-pool depth in time, and we averaged over the sloshing
to infer the slag accumulation. If we increase the mass-mean
particle size from the nominal value13-14 of about 115-160
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Fig. 1 In-chamber-accumulated-slag mass vs time from ignition: real-
time X-ray (10-Mev-photon) data from a Titan IV QM2 static-test
firing, and potential-flow predictions.
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Fig. 2 In-chamber-accumulated-slag mass at the end of burn vs spin-
ning frequency: data from a STAR 63F Q3 static-test firing with the
nozzle horizontal, and potential-flow predictions for alternate nozzle
orientations with respect to Earth gravity.

[jim, which is close to the value of 150 |xm adopted previously15

for a comparable context, then our predictions lie close to
the data, especially the higher-resolution data, throughout the
burn (Fig. 1). We also compared our predictions with total-
accumulated-slag data obtained for no rotation, and also at
two finite rotational rates2 for 112-s-long test burns of the
STAR 63F perigee-kick solid rocket motor, which had a length-
to-diameter ratio of roughly unity. Because our particle-tra-
jectory calculations include the gravitational body force as
well as the interphase drag, we are able to compare results,
computed for various nozzle orientations with respect to grav-
ity, with the test results (executed with the nozzle horizontal).
With the mass-mean particle size held at the nominal value
(—115 /xm), the comparison (Fig. 2) is again favorable.

We conclude, in agreement with other recent work,7 that
the computational complexity of incorporating a finite vor-
ticity distribution across streamlines to enforce the no-slip
boundary condition in an inviscid model is unwarranted for
the purpose of estimating slag accumulation in aluminized
composite grains in practical solid rocket motors.

References
'Ma, Y.-C, Fendell, F., and Brent, D.r "Constant-Fractional-Lag

Model for Axisymmetric Two-Phase Flow," Journal of Propulsion
and Power, Vol. 7, No. 5, 1991, pp. 700-707.

2Carrier, G., Fendell, F., Brent, D., Kimbrough, C., Loucks, S.,
Hess, E., and Acosta, P., "Simple Modeling of Particle Trajectories
in Solid Rocket Motors," Journal of Propulsion and Power, Vol. 7,
No. 2, 1992, pp. 185-195.

3Hess, E., Chert, K., Acosta, P., Brent, D., and Fendell, F., "Ef-
fect of Aluminized-Grain Design on Slag Accumulation," Journal of
Spacecraft and Rockets, Vol. 29, No. 5, 1992, pp. 697-703.

4Culick, F. E. C., "Rotational Axisymmetric Mean Flow and
Damping of Acoustic Waves in a Solid Propellant Motor," AIAA
Journal, Vol. 4, No. 8, 1966, pp. 1462-1464.

5Waesche, R. H. W., Sargent, W. H., and Marchman, J. F., Ill,
"Space Shuttle Solid Rocket Motor Aft-End Internal Flows, "Journal
of Propulsion and Power, Vol. 5, No. 6, 1989, pp. 650-656.

6Fernandez de la Mora, J., and Riesco-Chueca, P., "Aerodynamic
Focusing of Particles in a Carrier Gas," Journal of Fluid Mechanics,
Vol. 195, Oct. 1988, pp. 1-24.
. 7Smith-Kent, R., Perkins, F., and Abel, R., "A Potential Two-
Phase Flow Model for Predicting Solid Rocket Motor Slag," AIAA
Paper 93-2307, June 1993.

<sDunlap, R., Willoughby, P. G., and Hermsen, R. W., "Flowfield
in the Combustion Chamber of a Solid Propellant Rocket Motor,"
AIAA Journal, Vol. 12, No. 10, 1974, pp. 1440-1442.

9Dunlap, R., Blackner, A. M., Waugh, R. C., Brown, R. S., and
Willoughby, P. G., "Internal Flow Studies in a Simulated Cylindrical
Port Rocket Chamber," Journal of Propulsion and Power, Vol. 6,
No. 6, 1990, pp. 690-704.

'"Milne-Thomson, L. M., Theoretical Hydrodynamics, 3rd ed.,
Macmillan, New York, 1956, pp. 526, 527.

"Batchelor, G. K., An Introduction to Fluid Dynamics, Cambridge
Univ., New York, 1967, pp. 507-509, 536-539, 543-546.

12Goldstein, S., Lectures on Fluid Mechanics, Interscience, New
York, 1960, pp. 19-23.

nSalita, M., "Quench Bomb Investigation of A12O3 Formation
from Solid Rocket Propellants (Part II): Analysis of Data," 25th
J AN NAF Combustion Meeting, CPIA Publication 498, Vol. 1, Chem-
ical Propulsion information Agency, Laurel, MD, Oct. 1988, pp. 185-
197.

14Golafshani, M., and Loh, H.-T., "Computation of Two-Phase
Viscous Flow in Solid Rocket Motors Using a Flux-Split Euler-La-
grangian Technique," AIAA Paper 89-2785, July 1989.

15Madabhushi, R., Sabnis, J., De Jong, F., and Gibeling, H., "Na-
vier-Stokes Analysis of Aft Dome Flow Field in Solid Rocket Motors
with Submerged Nozzle," AIAA Paper 89-2780, July 1989.


